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ON SMOOTH SQUARE-FREE NUMBERS IN
ARITHMETIC PROGRESSIONS
MARC MUNSCH AND IGOR E. SHPARLINSKI
Abstract. A. Booker and C. Pomerance (2017) have shown that
any residue class modulo a prime p ě 11 can be represented by a
positive p-smooth square-free integer s “ pOplog pq with all prime
factors up to p and conjectured that in fact one can find such s
with s “ pOp1q. Using bounds on double Kloosterman sums due to
M. Z. Garaev (2010) we prove this conjecture in a stronger form
s ď p3{2`op1q and also consider more general versions of this ques-
tion replacing p-smoothness of s by the stronger condition of pα-
smoothness. Using bounds on multiplicative character sums and a
sieve method, we also show that we can represent all residue classes
by a positive square-free integer s ď p2`op1q which is p1{p4e
1{2q`op1q-
smooth. Additionally, we obtain stronger results for almost all
primes p.
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1. Introduction and main results
1.1. Motivation. We recall that an integer n is called y-smooth if all
prime divisors of n do not exceed y, and is called square-free if it is not
divisible by a square of a prime.
Following Booker and Pomerance [3], for a prime p we denote by
Mppq the smallest integer M such that any residue class modulo p con-
tains a p-smooth square-free representative, and set, formally, Mppq “
8 if no such representative exists. We note that by [3, Theorem 1] we
have Mppq ă 8 for every p ě 11.
It is noted in [3, Section 6] that the argument of the proof of [3, The-
orem 1] actually gives Mppq “ pOplog pq and conjectured that Mppq “
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pOp1q. Here we settle this conjecture in a stronger and more general
form.
More precisely, we address the question of Booker and Pomerance [3]
about the smallest value of α for which Mαppq ă 8 for a sufficiently
large p and show that this is true for α ą 1{p4e1{2q, by using the
methods of [13,14]. In fact, we obtain an explicit bound on Mαppq and
also extend this for composite moduli.
We also note that the area of representations of residue classes by
numbers of prescribed arithmetic structure takes its origins in the works
of Erdo˝s, Odlyzko and Sa´rko¨zy [7] and Harman [13], see also [9,12,14,
25, 27–29] for more recent developments.
1.2. Main results. For a real positive α, we denote by M˚αpqq the
smallest integer M such that any reduced residue class modulo q con-
tains a qα-smooth square-free positive representative k ď M , and set,
formally, M˚αpqq “ 8 if no such representative exists.
Our main result is
Theorem 1.1. For cube-free integer q Ñ8 and any fixed
α ą
#
1{p4e1{2q, if q is cube-free,
1{p3e1{2q, otherwise,
we have
M˚αpqq ď q
2`op1q.
Remark 1.2. In particular, Theorem 1.1 improves on the result of
Harman [13, Theorem 3] which, for any fixed ε ą 0, gives the exis-
tence (without the additional square-freeness condition) of a q1{p4e
1{2q`ε-
smooth integer n ď q9{4`ε in arithmetic progressions modulo a cube-free
q and a q1{p3e
1{2q`ε-smooth integer n ď q7{3`ε in arithmetic progressions
modulo an arbitrary q.
To exhibit the main ideas behind of our approach in the simplest form
and also because this corresponds to the original question of Booker
and Pomerance [3], in Theorems 1.3, 1.4 and 1.6 we treat only prime
moduli p. However, all necessary ingredients are readily available in the
case of composite moduli q as well, see, for example [22, Lemma 4], [8,
Corollary 2.5] and [16, Lemma 3.1].
For almost all primes p, we obtain a stronger result as Theorem 1.1
using bounds on character sums from [22].
Theorem 1.3. As QÑ8, for any fixed α ą 0 for all but Qop1q primes
p P rQ, 2Qs, we have
M˚αppq ď p
2`op1q.
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In the particular case of p-smoothness, we can actually do more and
break the p2-barrier. Using bounds of double Kloosterman sums with
prime arguments due to Garaev [11], we prove:
Theorem 1.4. As pÑ 8 we have
Mppq ď p3{2`op1q.
Remark 1.5. It should be noted that the main result of Balog and
Pomerance [2] gives the existence (without the additional condition of
square-freeness) of a p-smooth integer n ď p7{4`ε in arithmetic progres-
sions modulo p. Our method can be used to derive further extensions
of the results of [2].
One of the implications of our results is that in [3, Corollary 7] the
value of d can be taken to be reasonably small. Using a result of
Irving [16], we also show that for almost all p one can break the 3{2-
threshold of Theorem 1.4, see also our comments in Section 1.4 below.
Theorem 1.6. As QÑ8, for all but opQ{ logQq primes p P rQ, 2Qs,
we have
Mppq ď p4{3`op1q.
1.3. Some methods behind our results. The proof of Theorem 1.1
is based on the ideas of [14], which are modified to accomodate the
square-freeness condition and which, after some preparations in Sec-
tion 4.1, we develop in Section 4.2. Furthermore, to make it work,
instead of the Burgess bound (see [17, Theorem 12.6]) used in [14], we
apply some bounds from [21, 23], presented in Section 3.1.
For Theorem 1.3 we use a different and more direct approach which
is enabled by the fact that for almost all primes we have bounds of very
short character sums from [22], which in turn is based on some ideas
of Garaev [10] and which we also present in Section 3.1.
For Theorems 1.4 and 1.6 we use yet another approach which is based
on bounds of some double weighted Kloosterman-like sums from [11]
and [16], respectively, see Section 3.2. These bounds are used in Sec-
tion 3.4 to study some congruences with products of primes, which
underlie our approach. Furthermore, in the proof of Theorem 1.6 we
also use bounds for the number of small solutions of some quadratic
congruences, see Section 3.3.
We introduce some general notation in Section 2.1 , which we then
follow throughout the paper and collect several useful facts on arith-
metic functions in Section 2.2.
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1.4. On the tightness of our results. Clearly, the lower bounds
on α in Theorem 1.1 cannot be improved until the classical bound of
Burgess [5] on the smallest quadratic nonresidue is improved.
Furthermore, the upper bound of Theorem 1.4 also seems to be the
best possible one can achieve nowadays. In fact, even without any
arithmetic restrictions on positive integers u ď U and v ď V one
can guarantee the existence of a solution to uv ” a pmod pq only for
UV ě p3{2`ε for some fixed ε ą 0, see [26, Section 3.1] for a survey of
relevant results.
2. Preparations
2.1. General notation. We recall that the notations U “ OpV q, U !
V and U ! V are all equivalent to the assertion that the inequality
|U | ď cV holds for some constant c ą 0. Throughout the paper, the
implied constants in these symbols may occasionally, where obvious,
depend on the integer parameter r ě 1 and are absolute otherwise.
Throughout the paper, the letter ℓ and p, with and without sub-
scripts, always denote primes numbers.
As usual, we use µpkq, τpkq and ϕpkq to denote the Mo¨bius, divisor
and Euler functions of an integer k ě 1, respectively.
We set
ψ “ 21{15 and ξ “ ψ ´ 1
and write a „ A to indicate a P rA,ψAs.
We also write
(2.1) ρ “ e´1{2.
2.2. Some properties of arithmetic functions. We recall the well-
known elementary identity
(2.2)
ÿ
d|gcdpn,qq
µpdq “
#
1 if gcdpn, qq “ 1,
0 otherwise.
.
We also note that by the Mertens formula (see [17, Equation (2.15)]),
for any real Y ą X ě 2 we have
(2.3)
ÿ
XďℓďY
1
ℓ
“ log
log Y
logX
`O
ˆ
1
logX
˙
.
In particular, it easily follows from (2.3) that
(2.4)
ϕpkq
k
“
ź
ℓ|k
ˆ
1´
1
ℓ
˙
"
1
log log k
for any integer k ě 3
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We also need the classical bound
(2.5) τpkq “ kop1q,
on the divisor function, see, for example, [17, Equation (1.81)].
We recall that by [21, Lemma 2.5 (2)] we have:
Lemma 2.1. For any M ą 0 and q ě 2 we haveÿ
m„M
gcdpm,qq“1
µ2pmq “
ξ
ζp2q
ź
p|q
ˆ
1`
1
p
˙´1
M `OpM1{2τpqqq .
Furthermore, by [14, Lemma 7] we have the following upper bound:
Lemma 2.2. For any M ą log q ě 2 we haveÿ
m„M
gcdpm,qq“1
1 !
ϕpqq
q
M .
3. Bounds of exponential and character sum and the
number of solutions to some congruences
3.1. Character sums. Let Xq be the set of multiplicative characters
of the residue ring modulo q ě 1 and let X ˚q “ Xqztχ0u be the set
of nonprincipal characters; we refer the reader to [17, Chapter 3] for
the relevant background. In particular, we make use of the following
orthogonality property of characters, see [17, Section 3.2],
(3.1)
1
ϕpqq
ÿ
χPXq
χpaq “
#
1, if a ” 1 pmod qq,
0, otherwise,
which holds for any integer a with gcdpa, qq “ 1.
Our argument rests on the existence of a good bound for the sums
(3.2) S7χptq “
ÿ
1ďsďt
s square-free
χpsq
of characters χ P X ˚q over square-free integers s P r1, ts.
In particular, we need the following bound of Munsch and Trud-
gian [23, Lemma 7] which has been as previously stated for r “ 2
in [21, Lemma 3.2]. In fact we also formulate this in a more general
form which cover arbitrary moduli q, rather than only cube-free q.
Lemma 3.1. For any integer q and a positive integer t ď q and
‚ for any fixed integer r ě 2 if q cube-free,
‚ for r “ 2, 3 for any q,
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we have
max
χPX˚q
ˇˇ
S7χptq
ˇˇ
ď t1´1{rqpr`1q{p4r
2q`op1q,
as q Ñ8.
In particular, we have
Corollary 3.2. There exists an absolute constant c0 ą 0 such that for
any real ε ą 0 and a positive integer t with
‚ t P rq1{4`ε, qs if q cube-free,
‚ t P rq1{3`ε, qs for any q,
we have
max
χPX˚q
ˇˇ
S7χptq
ˇˇ
ď t1´c0ε
2
.
Finally, we need the following simple bound which follows from the
orthogonality of characters and which we refer to as the mean-value
estimate for character sums .
Lemma 3.3. For N ě 1 and any sequence of complex numbers an we
have ÿ
χPX
ˇˇˇ
ˇˇ ÿ
nďN
anχpnq
ˇˇˇ
ˇˇ
2
ď ϕpqqpN{q ` 1q
ÿ
nďN
|an|
2.
We present a special case of [22, Lemma 4] in the following form
convenient for our applications.
Lemma 3.4. Let t and Q be sufficient large positive integers with Q ě
tε for some fixed ε ą 0. Then for any δ ă 1{4 and
ϑ “ mintp1´ 2δqγ, 2δ p1´ γqu
where γ is the following fractional part
γ “
"
2 logQ
log t
*
for all but at most Q4δtϑ`op1q primes p ď Q we have
max
χPX˚p
ˇˇ
S7χptq
ˇˇ
ď t1´δ.
3.2. Double Kloosterman sums with prime arguments. For a
prime p, we define eppzq “ expp2πiz{pq and consider the exponential
sums
Wppa;Lq “
ÿ
ℓ1,ℓ2PL
ep
`
aℓ1ℓ2
˘
,
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where L is the set of primes ℓ P rL, 2Ls with gcdpℓ, pq “ 1 and for
an integer k with gcdpk, pq “ 1 we use k to denote the multiplicative
inverse of k modulo p, that is, the unique integer with
kk ” 1 pmod pq and 1 ď k ă p.
We now record the following bound which follows from the proof of [11,
Lemma 2.4].
Lemma 3.5. For 1 ď L ď p1{3 we have
|Wppa;Lq| ď L
3{2p1{8`op1q,
as pÑ8.
Proof. As in [11, Lemma 2.4], we consider a more general sum
W “
Kÿ
k“1
ˇˇˇ
ˇˇ Nkÿ
n“1
γn ep
`
akn
˘ˇˇˇˇˇ ,
where γn are some complex numbers with γn “ p
op1q, n “ 1, . . . , N and
Nk are some positive integers with Nk ď N , k “ 1, . . .K. Following the
proof of [11, Lemma 2.4], and using [11, Lemma 2.3] in full generality,
we arrive to the inequality
W 8 ! p1`op1qpKNq4
`
K7{2p´1{2 `K2
˘ `
N7{2p´1{2 `N2
˘
.
We note that for K,N ě p1{3 we obtain the bound W ! pKNq15{16pop1q
in [11, Lemma 2.4], while for K,N ď p1{3 we arrive to
W ! pKNq3{4p1{8`op1q.
The result now follows. [\
For almost all moduli, improving some previous results from [8], Irv-
ing [16] has shown that on average over p one can improve Lemma 3.5.
We present the result of [16, Lemma 3.1] in a very special case with
the averaging only over prime numbers with both variables in the same
range rL, 2Ls.
Lemma 3.6. As Q Ñ 8, for any fixed integer k ě 1, for 1 ď L ď Q
we haveÿ
pPrQ,2Qs
max
gcdpa,pq“1
|Wppa;Lq| ď Q
1`op1q
`
Lp3k´1q{p2kqQ1{p2kq ` Lp4k´1q{p2kq
˘
.
Hence, from Lemma 3.6, we have:
Corollary 3.7. As QÑ8, for any fixed integer k ě 1, for 1 ď L ď Q,
for all but opQ{ logQq primes p P rQ, 2Qs, we have
max
gcdpa,pq“1
|Wppa;Lq| ď
`
Lp3k´1q{p2kqQ1{p2kq ` Lp4k´1q{p2kq
˘
Qop1q.
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3.3. Congruences with reciprocals of squares. Given an integer
r ě 1, a real U ě 1, and λ P Fp, let Ir,ppU ;λq be the number of solutions
to the congruence
1
u21
` . . .`
1
u2r
”
1
u2r`1
` . . .`
1
u22r
` λ pmod pq,
U ď u1, . . . , u2r ď 2U, i “ 1, . . . , 2r.
First we observe that the standard expression of Ir,ppU ;λq via addi-
tive characters immediately implies the well-known inequality
Ir,ppU ;λq ď Ir,ppU ; 0q.
Hence we denote
Ir,ppUq “ Ir,ppU ; 0q
and concentrate on this quantity.
Heath-Brown [15, Lemma 1] has given a nontrivial bound on Ir,ppUq,
see also [4, Proposition 1], however these results seems to be not strong
enough for our purpose. However on average over p a much stronger
bound is given by [19, Lemma 3.4] (We recall that all implied constants
are allowed to depend on r):
Lemma 3.8. For any fixed positive integer r and sufficiently large real
1 ď U ď Q, we have
1
Q
ÿ
Qďpď2Q
Ir,ppUq ď
`
U2rQ´1 ` U r
˘
Qop1q.
Given two positive real numbers U and V , we denote by Ta,ppU, V q
the number of solutions to the congruence
u2v ” a pmod pq, 1 ď u ď U, 1 ď v ď V.
Lemma 3.9. As Q Ñ 8, for all but opQ{ logQq primes p P rQ, 2Qs,
for any integer a with gcdpa, pq “ 1 and reals U and V with 1 ď U, V ď
Q, we have
Ta,ppU, V q ! V
1{4pUp´1{4 ` U1{2qQop1q.
Proof. In order to lighten the notation, T will denote the number of
solutions Ta,ppU, V q. Expanding, we get
T 2 ď #
"
1 ď u1, u2 ď U, 1 ď b ď 2V such that
ˆ
1
u21
`
1
u22
˙
” va´1 mod p
*
.
By Cauchy-Schwarz inequality, we deduce
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T 4 ! V#
"
1 ď u1, u2, u3, u4 ď U such that
1
u21
`
1
u22
”
1
u23
`
1
u24
mod p
*
! V I2,ppUq.
Using Lemma 3.8 with r “ 2, we deduce that for almost all primes
p P rQ, 2Qs, we have
I2,ppUq ! p
op1qpU4p´1 ` U2q.
Thus, for almost all primes p, we get
T ! V 1{4pUp´1{4 ` U1{2qpop1q.
[\
3.4. Congruences with products of primes. Given two positive
real numbers L and h, we denote by Na,ppL, hq the number of solutions
to the congruence
(3.3) ℓ1ℓ2u ” a pmod pq, ℓ1, ℓ2 P L, 1 ď u ď h,
where L is the set of primes ℓ P rL, 2Ls with gcdpℓ, pq “ 1. First
we note that using standard techniques, we easily derive the following
asymptotic formula
Lemma 3.10. For any integer a and prime p with gcdpa, pq “ 1 and
real h and L with 1 ď L ď p1{3 and 1 ď h ď p, we have
Na,ppL, hq “
K2h
p
`O
`
L3{2p1{8`op1q
˘
,
where K “ #L is the cardinality of L.
Proof. We interpret the congruence (3.3) as the uniformity of distri-
bution question about the number of residues aℓ´11 ℓ
´1
2 pmod pq (where
the inversions are modulo p), which fall in the interval r1, hs.
The result follows from Lemma 3.5 applied to the sets U “ V which
are the sets of reciprocals modulo p of ℓ P L, combined with the the
Erdo˝s–Tura´n inequality, see [6, 18]. [\
Similarly, from Corollary 3.7, we derive
Lemma 3.11. As Q Ñ 8, for any fixed integer k ě 1, for 1 ď L ď
Q for all but opQ{ logQq primes p P rQ, 2Qs, for any integer a with
gcdpa, pq “ 1 and real h with 1 ď h ď p, we have
Na,ppL, hq “
K2h
p
`O
``
Lp3k´1q{p2kqp1{p2kq ` Lp4k´1q{p2kq
˘
pop1q
˘
,
where K “ #L is the cardinality of L.
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We also need the following upper bound on Na,ppL, hq which is better
for small values of h when Lemma 3.10 fails to produce any nontrivial
result.
Lemma 3.12. For any integer a and prime p with gcdpa, pq “ 1 and
reals 1 ď L, h ď p we have
Na,ppL, hq ď
`
L2h{p ` 1
˘
pop1q.
Proof. Clearly, we can assume that 1 ď a ď p. Then the congru-
ence (3.3) implies that ℓ1ℓ2u “ a ` kp for some non-negative k ď
4L2h{p. Thus k takes at most 4L2h{p` 1 possible values and for each
of them ℓ1 and ℓ2 cant take at most Oplog pq possible values among the
divisors of a` kp ě 1. [\
We now estimate the average value of Na,ppL, hq over a special set of
a using Lemma 3.9.
Lemma 3.13. As QÑ 8, for all but opQ{ logQq primes p P rQ, 2Qs,
for any integer a, and real 1 ď F, L, h ď p with F, L2h ă p, for the
sum
Ra,ppF, L, hq “
ÿ
Fďdď2F
Nad´2,ppL, hq
we have
Ra,ppF, L, hq ď maxtF pL
2hq1{4p´1{4, F 1{2pL2hq1{4upop1q.
Proof. We observe that the sum Ra,ppF, L, hq counts the number of
solutions to the congruence
ℓ1ℓ2ud
2 ” a pmod pq, F ď d ď 2F, ℓ1, ℓ2 P L, 1 ď u ď h.
Denoting v “ ℓ1ℓ2u we see from (2.5) that each such v P r1, L
2hs can
be represented like this in at most pop1q ways. Hence
Ra,ppF, L, hq ď Ta,pp2F, L
2hqpop1q.
Thus by Lemma 3.9
Ra,ppF, L, hq ď maxtF pL
2hq1{4p´1{4, F 1{2pL2hq1{4upop1q.
This concludes the proof. [\
We also need to bound the number of solutions of a modified version
of (3.3). Namely, we use Qa,ppL, hq to denote the number of solutions
to the congruence
(3.4) ℓ1ℓ
2
2v ” a pmod pq, ℓ1, ℓ2 P L, 1 ď v ď h,
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Lemma 3.14. For any integer a and prime p with gcdpa, pq “ 1 and
reals 1 ď L, h ď p with 2Lh ď p we have
Qa,ppL, hq ď pLh{p ` 1qLp
op1q.
Proof. The congruence (3.4) implies that ℓ1v ” aℓ
´2
2 pmod pq. Since
2Lh ď p, for each choice ℓ2, the value ℓ1v can take at most Lh{p ` 1
values and the result follows. [\
4. Multilinear sums over products in arithmetic
progressions
4.1. Some sums with the Mo¨bius function. We are now able to
establish a full analogue of [14, Lemma 8], where the summation is only
over m and n with square-free products mn.
Lemma 4.1. For integers N ě q1{4 ą 1, real 0 ă ζ ă 1 and a positive
integer d “ o pplogNq2{ log logNq coprime with q, we haveÿ
NζďpďN
gcdpp,dqq“1
ÿ
m„N{dp
gcdpm,dqq“1
µ2pmq
“
ˆ
ξ logp1{ζq
ζp2q
` op1q
˙ź
ℓ|dq
ˆ
1`
1
ℓ
˙´1
N
d
.
Proof. We define
U “ N{τpdqq2 and V “ N{pd logpdqqq.
We first consider the part over primes p ď U . Applying Lemma 2.1
to the inner sum, we obtainÿ
NζďpďU
gcdpp,dqq“1
ÿ
m„N{dp
gcdpm,dqq“1
µ2pmq
“
ξ
ζp2q
ź
ℓ|dq
ˆ
1`
1
ℓ
˙´1
N
d
ÿ
NζďpďU
gcdpp,dqq“1
1
p
`O
¨
˚˝˚ ÿ
NζďpďU
gcdpp,dqq“1
ˆ
N
dp
˙1{2
τpdqq
˛
‹‹‚.
We discard the coprimality condition and extend the summation over
all primes p ď U . By the prime number theorem and partial summa-
tion, the error term is
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ÿ
NζďpďU
gcdpp,dqq“1
ˆ
N
dp
˙1{2
τpdqq “ N1{2d´1{2τpdqq
ÿ
NζďpďU
gcdpp,dqq“1
1
p1{2
! N1{2d´1{2τpdqq
U1{2
logU
!
N
d1{2 logN
since by the bound on the divisor function (2.5) we have U “ N1`op1q.
Since there are only Op1q primes p | dq with p ą N ζ , using (2.3), we
now obtain ÿ
NζďpďU
gcdpp,dqq“1
1
p
“
ÿ
NζďpďU
1
p
`OpN´ζq
“ log
logN ´ 2 log τpdqq
ζ logN
`O
ˆ
1
logN
˙
.
Thus, using the Mertens formula (2.3), we obtainÿ
NζďpďU
gcdpp,dqq“1
1
p
“ logp1{ζq ` op1q,
and thusÿ
NζďpďU
gcdpp,dqq“1
ÿ
m„N{dp
gcdpm,dqq“1
µ2pmq
“
ˆ
ξ logp1{ζq
ζp2q
` op1q
˙ź
ℓ|dq
ˆ
1`
1
ℓ
˙´1
N
d
`O
ˆ
N
d1{2 logN
˙
.
We now add the contribution from primes U ă p ď N , which we
‚ put in the error term;
‚ further separate into two ranges U ă p ď V and V ă p ď N ;
‚ replace µ2pmq with 1 and abandon the condition gcdpp, dqq “ 1.
Hence we derive
(4.1)
ÿ
NζďpďN
gcdpp,dqq“1
ÿ
m„N{dp
gcdpm,dqq“1
µ2pmq “ M`O pE1 ` E2 ` E3q
with the main term
M “
ˆ
ξ logp1{ζq
ζp2q
` op1q
˙ź
ℓ|dq
ˆ
1`
1
ℓ
˙´1
N
d
,
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where
E1 “
N
d1{2 logN
, E2 “
ÿ
UăpďV
ÿ
m„N{dp
gcdpm,dqq“1
1, E3 “
ÿ
VăpďN
ÿ
m„N{dp
gcdpm,dqq“1
1
are the error terms, which we estimate separately.
Note that the range U ă p ď V can be empty, and thus E2 “ 0 in
this case.
Since, trivially, dq has at most O plogpdqqq prime divisors, by (2.3)
we obtain ź
ℓ|dq
ˆ
1`
1
ℓ
˙
! log logpdqq ! log logN
and thus under the condition d “ o pplogNq2{ log logNq, we see that
(4.2) E1 “ opMq.
We now follow closely the proof of [14, Lemma 8].
In the range U ă p ď V we apply Lemma 2.2, which yields
(4.3) E2 !
ϕpdqq
dq
N
d
ÿ
UăpďN{pd logpdqqq
1
p
.
Clearly
(4.4)
ϕpdqq
dq
“
ź
ℓ|dq
ˆ
1´
1
ℓ
˙
ď
ź
ℓ|dq
ˆ
1`
1
ℓ
˙´1
.
Using the Mertens formula (2.3) again, we obtain
ÿ
UăpďV
1
p
“ log
logN ´ logpd logpdqqq
logN ´ log log τpdqq
`O
ˆ
1
logN
˙
“ log
ˆ
1`O
ˆ
maxtlogpτpdqqq, logpd logpdqqqu
logN
˙˙
`O
ˆ
1
logN
˙
!
maxtlogpτpdqqq, logpd logpdqqqu
logN
,
which after substituting in (4.3) and recalling (2.5) and (4.4), implies
(4.5) E2 “ opMq.
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Finally in the range V ă p ď N , we use the trivial bound
E3 ď
ÿ
VăpďN
ÿ
m„N{dp
gcdpm,dqq“1
1 ď N
ÿ
VăpďN
1
p
,
which, as in the proof of [14, Lemma 8], together with the Mertens
formula (2.3) implies
(4.6) E3 ! N
log logN
logN
“ opMq.
Substituting (4.2), (4.5) and (4.6) in (4.1), we conclude the proof. [\
We write for convenience B “ tn : gcdpn, qq “ 1u and let
cn “
#
1 if p | nñ p ă N ζ ,
0 otherwise.
We are now able to establish our main technical statement, which is
an asymptotic formula for the sum
(4.7) S7 “
ÿ
mnrPB
m,n„N
brcmµ
2pmnq,
where the summation is only over m and n with square-free products
mn. A similar sum
S “
ÿ
mnrPB
m,n„N
brcm
treated in the proof of [14, Lemma 8] can be deal with much simpler
as the variable are independent and we can write
S “
ÿ
mnrPB
m,n„N
brcm “
ÿ
mPB
m„N
cm
ÿ
nPB
n„N
1
ÿ
rPB
br.
Lemma 4.2. For integers N ě q1{4 ą 1, real 1{2 ă ζ ď 1 and any
finitely supported sequence br, for the sum (4.7) we have
S7 “ C
ˆ
ξN
ζp2q
˙2ź
ℓ|q
ˆ
1`
2
ℓ
˙´1
p1` log ζ ` op1qq
ÿ
rPB
br,
where
C “
ź
ℓ
ˆ
1´
1
pℓ` 1q2
˙
.
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Proof. Using the elementary identity (2.2), we have
S7 “
ÿ
m,nPB
m,n„N
cmµ
2pmqµ2pnq
ÿ
d|gcdpn,mq
µpdq
ÿ
rPB
br .
Switching summation and using the multiplicativity of coefficients
cm, we obtain (using that µ
3pdq “ µpdq)
S7 “
ÿ
dďψN
gcdpd,qq“1
µpdqcd
ÿ
m„N{d, gcdpm,dqq“1
n„N{d, gcdpn,dqq“1
µ2pmqµ2pnqcm
ÿ
rPB
br
“
ÿ
dďψN
gcdpd,qq“1
µpdqcdS1pdqS2pdq
ÿ
rPB
br,
where
S1pdq “
ÿ
m„N{d
gcdpm,dqq“1
µ2pmqcm and S2pdq “
ÿ
n„N{d
gcdpn,dqq“1
µ2pnq.
We set
(4.8) D “ logN
and estimate the contribution in S from d ě D using trivial estimate
|S1pdq|, |S2pdq| ď N{d
as OpN2{Dq. Thus we obtain
(4.9) S7 “ γ
ÿ
rPB
br,
where
(4.10) γ “
ÿ
dďD
gcdpd,qq“1
µpdqcdS1pdqS2pdq `OpN
2{Dq.
So we now assume d ď D. Then, by Lemma 2.1 and the divisor
bound, we have
S2pdq “
ˆ
ξ
ζp2q
` op1q
˙ź
ℓ|dq
ˆ
1`
1
ℓ
˙´1
N
d
.
We now evaluate S1pdq. We remark (since ζ ą
1
2
) thatÿ
m„N{d
gcdpm,dqq“1
µ2pmqcm “
ÿ
m„N{d
gcdpm,dqq“1
µ2pmq ´
ÿ
NζďpďN
gcdpp,dqq“1
ÿ
m„N{pdpq
gcdpm,dqq“1
µ2pmq .
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Lemmas 2.1 and 4.1 then giveÿ
m„N{d
gcdpm,dqq“1
µ2pmq
“
ˆ
ξ
ζp2q
` op1q
˙ź
ℓ|dq
ˆ
1`
1
ℓ
˙´1
N
d
`O
´
pN{dq1{2 τpdqq
¯
and
ÿ
NζďpďN
gcdpp,dqq“1
ÿ
m„N{pdpq
gcdpm,dqq“1
µ2pmq “
ˆ
ξ logp1{ζq
ζp2q
` op1q
˙ź
ℓ|dq
ˆ
1`
1
ℓ
˙´1
N
d
,
respectively. Thus subtracting, we derive
S1pdq “
ˆ
ξ
ζp2q
p1` log ζq ` op1q
˙ź
ℓ|dq
ˆ
1`
1
ℓ
˙´1
N
d
.
Hence for d ď D we have
S1pdqS2pdq “
ˆ
ξN
ζp2qd
˙2ź
ℓ|dq
ˆ
1`
1
ℓ
˙´2
p1` log ζ ` op1qq
which after the substitution in (4.10) implies
γ “
ˆ
ξN
ζp2q
˙2ź
ℓ|q
ˆ
1`
1
ℓ
˙´2
p1` log ζ ` op1qq
ÿ
dďD
gcdpd,qq“1
µpdq
d2
cd
ź
ℓ|d
ˆ
1`
1
ℓ
˙´2
`OpN2{Dq.
(4.11)
Now,
ÿ
dďD
gcdpd,qq“1
µpdq
d2
cd
ź
ℓ|d
ˆ
1`
1
ℓ
˙´2
“
8ÿ
d“1
gcdpd,qq“1
µpdq
d2
cd
ź
ℓ|d
ˆ
1`
1
ℓ
˙´2
`OpD´1q.
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Recalling the definition of the coefficients cd, we obtainÿ
dďD
gcdpd,qq“1
µpdq
d2
cd
ź
ℓ|d
ˆ
1`
1
ℓ
˙´2
“
ź
ℓďNζ
gcdpℓ,qq“1
ˆ
1´
1
pℓ` 1q2
˙
`OpD´1q.
(4.12)
Furthermoreź
ℓďNζ
gcdpℓ,qq“1
ˆ
1´
1
pℓ` 1q2
˙
“
ź
ℓďNζ
ℓ|q
ˆ
1´
1
pℓ` 1q2
˙´1 ź
ℓďNζ
ˆ
1´
1
pℓ` 1q2
˙
“
ź
ℓ|q
ˆ
1´
1
pℓ` 1q2
˙´1ź
ℓ
ˆ
1´
1
pℓ` 1q2
˙
p1`OpN´ζqq.
Combining this with (4.12) and then substituting in (4.11), we obtain
γ “
ˆ
ξN
ζp2q
˙2ź
ℓ|q
ˆ
1`
1
ℓ
˙´2ź
ℓ|q
ˆ
1´
1
pℓ` 1q2
˙´1
ź
ℓ
ˆ
1´
1
pℓ` 1q2
˙
p1` log ζ ` op1qq `OpN2{Dq.
Since ˆ
1`
1
ℓ
˙2ˆ
1´
1
pℓ` 1q2
˙
“ 1`
2
ℓ
,
we obtain
γ “
ˆ
ξN
ζp2q
˙2ź
ℓ|q
ˆ
1`
2
ℓ
˙´1
ź
ℓ
ˆ
1´
1
pℓ` 1q2
˙
p1` log ζ ` op1qq `OpN2{Dq.
By the version of the Mertens formula (2.3), similarly to (2.4) we have
(4.13)
ź
ℓ|q
ˆ
1`
2
ℓ
˙´1
ě
ź
ℓ|q
ˆ
1`
1
ℓ
˙´2
" plog log qq´2.
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Therefore with the above choice (4.8) of D, we obtain
γ “
ˆ
ξN
ζp2q
˙2ź
ℓ|q
ˆ
1`
2
ℓ
˙´1ź
ℓ
ˆ
1´
1
pℓ` 1q2
˙
p1` log ζ ` op1qq ,
which together with (4.9) concludes the proof. [\
Remark 4.3. For prime q the proofs of Lemmas 4.1 and 4.2 simplify
quite significantly and the factors depending on q all become equal to 1.
Taking ζ “ 1 in Lemma 4.2 (or proceeding in a similar manner, but
using only the estimates on S2pdq), we obtain:
Corollary 4.4. We have,
ÿ
mnrPB
m,n„N
brµ
2pmnq “ pC ` op1qq
ˆ
ξN
ζp2q
˙2ź
ℓ|q
ˆ
1`
2
ℓ
˙´1ÿ
rPB
br.
Remark 4.5. Removing the summation over r in Corollary 4.4, that
is, taking the sequence br which is supported only on r “ 1, we obtain
an asymptotic formula for the number of products mn being square-free
with m,n of same size and coprime to a fixed number.
4.2. Some sieving result. We now specify
(4.14) ζ “ ρp1` εq “
1` ε
e1{2
,
where ρ is given by (2.1), and derive an analogue of [14, Lemma 9].
Lemma 4.6. Let be N ě q1{4 ą 1 integers and let ε ą 0 be a sufficiently
small fixed real number. Suppose that A Ď B is a set such that for a
finitely supported sequence br and some λ ą 0 and η ą 0, we have
(4.15)
ÿ
mnrPA
m,n„N
anbrµ
2pmnq “ λ
ÿ
mnrPB
m,n„N
anbrµ
2pmnq `Opλx1´ηq
for any sequence an “ Op1q. Then for ζ given by (4.14)ÿ
mnrPA
m,n„N
brcncmµ
2pmnq
ě C
ˆ
ξN
ζp2q
˙2ź
ℓ|q
ˆ
1`
2
ℓ
˙´1
p2 logp1` εq ` op1qq
ÿ
rPB
br
`Opλx1´ηq .
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Proof. Generally, we follow very closely the argument of the proof
of [14, Lemma 9], however here we use Lemma 4.2 and Corollary 4.4
instead of [14, Lemmas 6 and 8] in the corresponding place.
Using the observation of Balog [1], we haveÿ
mnrPA
m,n„N
brcncmµ
2pmnq ě E ´ F
where
E “
ÿ
mnrPA
m,n„N
brcmµ
2pmnq , F “
ÿ
mnrPA
m,n„N
brhnµ
2pmnq ,
and hn “ 1´ cn. By the assumption (4.15), we have
E “ λ
ÿ
mnrPB
m,n„N
brcmµ
2pmnq `Opλx1´ηq
and
F “ λ
ÿ
mnrPB
m,n„N
brhnµ
2pmnq `Opλx1´ηq.
Now, by Lemma 4.2
ÿ
mnrPB
m,n„N
brcmµ
2pmnq “ C
ˆ
ξN
ζp2q
˙2ź
ℓ|q
ˆ
1`
2
ℓ
˙´1
p1` log ζ ` op1qq
ÿ
rPB
br
while by a combination of Lemma 4.2 and Corollary 4.4
ÿ
mnrPB
m,n„N
brhnµ
2pmnq “ C
ˆ
ξN
ζp2q
˙2ź
ℓ|q
ˆ
1`
2
ℓ
˙´1
p´ log ζ ` op1qq
ÿ
rPB
br.
After summation, we obtain
E ´ F ě C
ˆ
ξN
ζp2q
˙2ź
ℓ|q
ˆ
1`
2
ℓ
˙´1
p1` 2 log ζ ` op1qq
ÿ
rPB
br.
Remarking that 1` 2 log ζ “ 2 logp1` εq we conclude the proof. [\
In the special case where A “ Aa,qpxq is the set of integers k P rx, 2xs
with k ” a pmod qq, using that 2 logp1`εq ą ε if ε ą 0 is a sufficiently
small, we derive:
Corollary 4.7. Assume that the condition of Lemma 4.6 holds with
x0pεq for the set A “ Aa,qpxq with λ “ 1{ϕpqq, where x0pεq depends only
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on ε and is sufficiently large. Then, for a finitely supported sequence
of positive real numbers br and some η ą 0, we haveÿ
mnrPAa,qpxq
m,n„N
brcncmµ
2pmnq
ě εC
ˆ
ξN
ζp2q
˙2ź
ℓ|q
ˆ
1`
2
ℓ
˙´1ÿ
rPB
br `Opx
1´ηq´1q .
4.3. Products in arithmetic progressions. We now define the fol-
lowing parameter
(4.16) ν “ r1{εs .
For a given q, we consider the set of integers r that are products of 13
distinct primes of the form
(4.17) r “ ℓ1 . . . ℓ12s and gcdpr, qq “ 1,
where
(4.18) ℓ1, . . . , ℓ12 „ q
1{8, s „ q1{ν ,
and let br be the characteristic function of this set. We note that br is
supported on the interval rR,ψ13Rs with R “ q3{2`1{ν .
As before, we also define by Aa,qpxq the set of integers k P rx, 2xs
with k ” a pmod qq.
Next, repeating word-by-word the argument of the proof of [14,
Lemma 14], but using Lemma 3.1 instead of the classical Burgess bound
as in [14], we now show that for any fixed sufficiently small ε ą 0 the
conditions of Lemma 4.6 are satisfied for the set A “ Aa,qpxq and the
choice of br with N “ q
1{4`ε upon writing x “ N2R.
Lemma 4.8. Let ε ą 0 be sufficiently small, q ą 1 and N “ q1{4`ε.
Suppose that the sequence br is the characteristic function of the set
defined by (4.17) and (4.18). Then for integers a and q with gcdpa, qq “
1 and such that q is cube-free we haveÿ
mnrPAa,qpxq
m,n„N
anbrµ
2pmnq “
1
ϕpqq
ÿ
mnrPB
m,n„N
anbrµ
2pmnq `O
`
q´1x1´η
˘
with η “ ε4, R “ q3{2`1{ν, where ν is as in (4.16), and x “ N2R, and
any sequence an satisfying |an| ď n
op1q.
Proof. We start with the observation that if br ‰ 0 and m,n „ N then
due to the choice of our parameters we always have
mnr P rN2R,ψ15N2Rs Ď rx, 2xs.
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In particular, if br ‰ 0 and m,n „ N then the condition mnr P Aa,qpxq
is equivalent to the congruence mnr ” a pmod qq and the condition
mnr P B is merely equivalent to gcdpmn, qq “ 1.
Let
S “
ÿ
mnrPAa,qpxq
m,n„N
anbrµ
2pmnq.
Using the orthogonality of characters we write
S “
ÿ
mnrPB
m,n„N
anbrµ
2pmnq
1
ϕpqq
ÿ
χPXq
χpmnra´1q.
Using the equation (2.2), we write
S “
1
ϕpqq
ÿ
χPXq
ÿ
rPR
m,n„N
anχpmnqµ
2pmqµ2pnq
ÿ
d|gcdpn,mq
µpdq
ÿ
rPR
χprqbrχpa
´1q .
Thus, rearranging the summation, we obtain
(4.19) S “
ÿ
dďψN
µpdqSd,
where
Sd “
1
ϕpqq
ÿ
χPXq
ÿ
m„N{d, gcdpm,dq“1
n„N{d, gcdpn,dq“1
χpmnqµ2pmqµ2pnqand
ÿ
rPR
χprqχpd2a´1q.
In particular Sd “ 0 unless gcdpd, qq “ 1, in which case, using the
orthogonality of characters again, we see that
Sd “
ÿ
mnrPA
ad´2,qpxq
m,n„N{d, gcdpmn,dq“1
andµ
2pmqµ2pnqbr.
Since when m and n are fixed, the value of r is uniquely defined modulo
q and thus can take OpR{qq possible values (recall that R ě q), we have
the trivial estimate
(4.20) Sd ď N
2`op1qRd´2q´1 “ x1`op1qd´2q´1.
On the other hand, separating the contribution from the principal
character in (4.19), we also write
(4.21) Sd “ Md `O pEdq ,
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with the main term
Md “
1
ϕpqq
ÿ
mnrPB
m,n„N{d, gcdpmn,dq“1
andbrµ
2pmqµ2pnq
and the error term
Ed “
1
ϕpqq
ÿ
χPX˚q
|Edpχq| ,
where
Edpχq “
ÿ
m„N{d, gcdpm,dq“1
n„N{d, gcdpn,dq“1
χpmnqµ2pmqµ2pnqand
ÿ
rPR
χprqχpd2a´1q.
We now use some parameter D and use (4.20) for d ą D and use (4.21)
otherwise. Together with (4.19), this leads to the asymptotic formula
(4.22) S “
ÿ
dďψN
µpdqMd `O
`
E` x1`op1qD´1q´1
˘
,
where
E “
ÿ
dďD
|Edpχq| .
Using the trivial upper bound Md ď x
1`op1qd´2q´1, which is similar
to (4.20), we obtainÿ
dďD
µpdqMd “
ÿ
dďψN
µpdqMd `O
`
x1`op1qD´1q´1
˘
“
1
ϕpqq
ÿ
mnrPB
m,n„N
anbrµ
2pmnq `O
`
x1`op1qD´1q´1
˘
,
which together with (4.22) implies
(4.23) S “
1
ϕpqq
ÿ
mnrPB
m,n„N
anbrµ
2pmnq `O
`
E` x1`op1qD´1q´1
˘
.
Hence it remains to estimate E which we do by estimating individually
Ed for d ď D. From now on, we fix
D “ xε
2
.
For a real ω ą 0 we consider the character sums over primes
Vωpχq “
ÿ
ℓ„qω
χpℓq,
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which we use with ω “ 1{8 and ω “ 1{ν. We also consider the weighted
sums
Wdpχq “
ÿ
m„N{d
gcdpm,dq“1
ÿ
n„N{d
gcdpn,dq“1
ÿ
vPV
andχpmnvqµ
2pmqµ2pnq,
where v runs through the set V of q1{2`op1q products v “ ℓ1ℓ2ℓ3ℓ4 as
in (4.17). Thus, we can write
(4.24) |Ed| “
1
ϕpqq
ÿ
χPX˚q
ˇˇ
V1{8pχq
ˇˇ8 ˇˇ
V1{νpχq
ˇˇ
|Wdpχq| .
We now collect the currently available information about the sums
V1{8pχq, V1{νpχq and Wdpχq.
First, since N “ q1{4`ε, for a sufficiently small ε ą 0 and the above
choice of D we have N{d ą pdqq1{4`ε{2. Hence, by Corollary 3.2 applied
to the character χχ
pdq
0 where χ P X
˚
q and χ
pdq
0 is the trivial character
modulo d, we have
max
χPX˚q
|Wdpχq| ď
N1`op1q
d
q1{2 max
χPX˚q
ˇˇˇ
ˇˇˇ
ˇˇ
ÿ
m„N{d
gcdpm,dq“1
χpmqµ2pmq
ˇˇˇ
ˇˇˇ
ˇˇ
!
ˆ
N
d
˙2´c0ε2
q1{2
(4.25)
with some absolute constant c0 ą 0.
We also have the inequalities
(4.26)
ÿ
χPXq
ˇˇ
V1{8pχq
ˇˇ16
! q2,
ÿ
χPXq
ˇˇ
V1{νpχq
ˇˇ2ν
! q2,
and
(4.27)
ÿ
χPXq
|Wdpχq|
2 ď pN{dq2q3{2`op1q
`
1` pN{dq2q´1{2
˘
,
implied by Lemma 3.3. Since for the above choice of parameters we
have pN{dq2 ě q1{2 (provided ε is small enough) the inequality (4.27)
simplifies as
(4.28)
ÿ
χPXq
|Wdpχq|
2 ď pN{dq4q1`op1q.
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We now write |Wdpχq| “ |Wdpχq|
1{ν |Wdpχq|
1´1{ν and apply (4.25), de-
riving from (4.24)
|Ed| ď
1
ϕpqq
˜ˆ
N
d
˙2´c0ε2
q1{2
¸1{ν ÿ
χPX˚q
ˇˇ
V1{8pχq
ˇˇ8 ˇˇ
V1{νpχq
ˇˇ
|Wdpχq|
1´1{ν
.
(4.29)
Finally, since
1
2
`
1
2ν
`
ν ´ 1
2ν
“ 1
by the Ho¨lder inequality, applied to the sum in (4.29), and extending
the summation to all χ P Xq, we obtain
|Ed| ď
1
ϕpqq
˜ˆ
N
d
˙2´c0ε2
q1{2
¸1{ν ˜ÿ
χPXq
ˇˇ
V1{8pχq
ˇˇ16¸1{2
˜ÿ
χPXq
ˇˇ
V1{νpχq
ˇˇ2ν¸1{p2νq˜ÿ
χPXq
|Wdpχq|
2
¸pν´1q{p2νq
.
Recalling (4.26) and (4.28), we derive
|Ed| ď
1
ϕpqq
˜ˆ
N
d
˙2´c0ε2
q1{2
¸1{ν
q1`1{ν
`
pN{dq4q1`op1q
˘ ν´1
2ν
“
pN{dq2
ϕpqq
q3{2`1{ν`op1qpN{dq´c0ε
2{ν “
x
d2
ϕpqq´1pN{dq´c0ε
2{ν`op1q.
Noticing that ε ě 1{ν and d ď xε
2
, we derive
E “
ÿ
dďD
|Ed| !
x1´η
ϕpqq
for some η “ ε4 and a sufficiently small ε, which together with (4.23)
concludes the proof. [\
5. Proofs of Main Results
5.1. Proof of Theorem 1.1.
5.1.1. Cube-free moduli. Here we always assume that q is cube-free.
We fix some sufficiently small ε ą 0.
Let ρ, ζ and ν be as in (2.1), (4.14) and (4.16), respectively, and let
β “ ρ{4 “
1
4e1{2
.
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We also choose N , R and x as in Lemma 4.8 and remark that
N ζ “ qp1{4`εqρp1`εq “ qβ`5βε`ε
2
ď qβ`ε
provided that ε is small enough.
Finally, we define K as the following multiset
(5.1) K “ tk “ mn : m,n „ N, µ2pmnq “ 1, p | mnñ p ă N ζu,
where the integers k are counted with multiplicity in K.
For integers a and q with gcdpa, qq “ 1 and such that q is cube-free
we consider the number T of solutions to the congruence
(5.2) kr ” a pmod qq
where k P K, where the multiset K is defined by (5.1) and r is defined
by (4.17) and (4.18).
By Lemma 4.8 and then by Corollary 4.7 we see that
T “
ÿ
krPAa,qpxq
kPK
br “
1
ϕpqq
ÿ
krPB
kPK
br `O
`
q´1x1´η
˘
ě εC
1
ϕpqq
ˆ
ξN
ζp2q
˙2ź
ℓ|q
ˆ
1`
2
ℓ
˙´1ÿ
rPB
br `Opx
1´ηq´1q .
(5.3)
By the prime number theorem there are q3{2`1{ν`op1q values of r given
by (4.17) and (4.18) and for each of them q3{2`1{ν ! r ! q3{2`1{ν . Hence,
for a sufficiently small ε ą 0, after simple calculations, using (2.4) and
also (4.13), we obtain from (5.3) that
(5.4) T ě N2Rq´1`op1q “ xq´1`op1q.
We see from the definition of the sets of r and k that if kr is not
square-free then it is divisible by a square of a prime ℓ ě qκ where
κ “ mint1{8, 1{νu. Together with kr P Aa,qpxq this puts the product
kr ď x in a prescribed arithmetic progression modulo qℓ2. Thus there
are at most x{qℓ2 positive integers t in any such progression. Summing
over all ℓ ě qκ (and ignoring the primality constraint) we obtain at
most ÿ
ℓěqκ
x
qℓ2
! xq´1´κ
such values of t. From the classical bound on the divisor function,
see [17, Equation (1.81)], we infer that each of such t leads to at most
top1q “ qop1q possible triples pm,n, rq with mn “ k P K. Comparing
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this with (5.4), out of T solutions to (5.2) at most Tq´κ`op1q are not
square-free. Since mnr ď x “ q2`2ε`
1
ν we have
(5.5) M˚
1{p4e1{2q`εpqq ! q
2`3ε,
and the result follows. Indeed, assuming that it fails, we see that there
is ε0 and δ0 such that
M˚
1{p4e1{2q`ε0
pqq " q2`δ0 .
Then taking ε “ mintε0, δ0{4u we obtain a contradiction with (5.5).
5.1.2. Arbitrari moduli. We can derive a result for q non cube-free fol-
lowing the same lines.
We define the parameters N “ q1{3`ε and ν as in (4.16). We consider
the set of integers r that are products of 9 distinct primes of the form
(5.6) r “ ℓ1 . . . ℓ8s and gcdpr, qq “ 1,
where
(5.7) ℓ1, . . . , ℓ8 „ q
1{6, s „ q1{ν .
As before, K we have
(5.8) K “ tk “ mn : m,n „ N, µ2pmnq “ 1, p | mnñ p ă N ζu,
where the integers k are counted with multiplicity in K.
For integers a and q with gcdpa, qq “ 1, we similarly define the
number T 1 of solutions to the congruence
kr ” a pmod qq
where k P K with the multiset K is defined by (5.8) and r is defined
by (5.6) and (5.7). For this new set of parameters, applying Corol-
lary 3.2 in the case of arbitrary q and following exactly the same lines,
we can show that the conditions of Lemma 4.6 are fullfilled and prove
an exact analogue of Lemma 4.8. The proof goes then exactly as in the
case of cube-free moduli.
5.2. Proof of Theorem 1.3. We fix some integer n ą 2{α and reals
1{4 ą ε, δ ą 0 and define
β “ 1´ 2δ{n` ε and k “ rβ{αs
Clearly it is enough to prove Theorem 1.3 for all but Qop1q primes in
dyadic intervals rQ{2, Qs.
We further denote
T “
X
pQ{2q2{n
\
and W “
X
pQ{2qβ
\
and define the sets
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‚ S as the set of square-free integers s ď T ;
‚ U as the set of products u “ ℓ1 . . . ℓk of k distinct primes
ℓ1, . . . , ℓk P r0.5W
1{k,W 1{ks.
We note that for the above definition we have
n ď
"
2 logQ
log T
*
“ n`Op1{ logQq.
Hence we have γ ! 1{ logQ in the conditions of Lemma 3.4 and thus,
recalling that δ ă 1{4, we have
(5.9) max
χPX˚p
ˇˇ
S7χpT q
ˇˇ
ď T 1´δ,
for all but Q4δ`op1q primes p P rQ{2, Qs.
Hence, we fix a prime p P rQ{2, Qs for which the bound (5.9) holds.
Clearly products suv with ps, u, vq P S ˆ U ˆ U are pα-smooth (as
k is chosen to satisfy β{k ă α), but generally speaking may not be
square-free. We now claim that there are many products of these type
in every reduced class modulo p. Then we show that at least one of
these representatives is square-free.
Indeed, let us fix some integer a with gcdpa, pq “ 1 and let N be the
number of solutions to
(5.10) suv ” a pmod pq, ps, u, vq P S ˆ U ˆ U .
To show that N ą 0 and thus prove the claim, for a real x, as usual,
we denote by πpxq the number of primes ℓ ď x.
Certainly the asymptotic formula
#S „
6
π2
T
for the cardinality of S is well known, however it is quite enough for us
to use the trivial bounds
T ě #S ě πpT q.
We also use that
#U “
ˆ
π
`
W 1{k
˘
k
˙
.
It now follows from the prime number theorem that
(5.11) #S “ T 1`op1q and #U “W 1`op1q.
Using the orthogonality of characters we express the number of so-
lutions (5.10) as
N “
ÿ
ps,u,vqPSˆUˆU
1
p´ 1
ÿ
χPXp
χpsuva´1q.
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Changing the order of summation and using the multiplicativity of
characters, we now obtain
N “
1
p´ 1
ÿ
χPXp
χpa´1q
˜ÿ
uPU
χpuq
¸2ÿ
sPS
χpsq.
Now, separating the contribution from the principal character, we de-
rive
(5.12) N “
#S p#Uq2
p´ 1
`
1
p´ 1
R,
where
R “
ÿ
χPX˚p
χpa´1q
˜ÿ
uPU
χpuq
¸2
S7χpT q
and S7χpT q is given by (3.2). Since p is chosen to satisfy the bound (5.9),
we have
(5.13) |R| ď T 1´δ
ÿ
χPX˚p
ˇˇˇ
ˇˇÿ
uPU
χpuq
ˇˇˇ
ˇˇ
2
.
Furthermore, using the orthogonality property (3.1), we obtain
ÿ
χPX˚p
ˇˇˇ
ˇˇÿ
uPU
χpuq
ˇˇˇ
ˇˇ
2
ď
ÿ
χPXp
ˇˇˇ
ˇˇÿ
uPU
χpuq
ˇˇˇ
ˇˇ
2
“ pp´ 1q#U .
Recalling (5.13), we obtain
|R| ď T 1´δp1`op1q#U ,
which after substitution in (5.12) and then using (5.11) gives
N “
#S p#Uq2
p´ 1
`O
`
T 1´δ#U
˘
“
#S p#Uq2
p´ 1
`
1`O
`
pT´δW´1
˘˘
“
#S p#Uq2
p ´ 1
`
1`O
`
p´ε
˘˘
.
It remains to show that out N such products suv satisfying (5.10)
we can find at least one square-free.
Similarly to the argument of the proof of Theorem 1.1 we note that
if suv is not square-free that it is divisible by a square of a prime
ℓ P p0.5W 1{k,W 1{ks and thus out of N solutions to (5.10) at most
TW 2´1{kp´1`op1q are not square-free. We now conclude that for a suf-
ficiently large p at least one of the products
suv ď TW 2 ď Q2`2p1´2δq{n`2ε
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satisfying (5.10), is square-free. We recall that this holds for all but
Q4δ`op1q primes p P rQ{2, Qs.
Because n can be chosen arbitrary large and while ε and δ ą 0 can
be chosen arbitrary small, the result now follows.
5.3. Proof of Theorem 1.4. Let us fix some sufficiently small ε ą 0
and set
(5.14) D “ pε{4, h “ p´ 1, L “ p1{4`ε.
Let N 7a,ppL, hq be the number of solutions to the congruence (3.3)
with a square-free u. Using the standard inclusion-exclusion principle,
we write
N 7a,ppL, hq “
ÿ
dďh1{2
µpdqNad´2,ppL, h{d
2q.
We use Lemma 3.10 to estimate the contribution from d ď D asÿ
dďD
µpdqNad´2,ppL, h{d
2q “
K2h
p
ÿ
dďD
µpdq
d2
`O
`
DL3{2p1{8`op1q
˘
“
K2h
p
8ÿ
d“1
µpdq
d2
`O
ˆ
K2h
Dp
`DL3{2p1{8`op1q
˙
“
K2h
ζp2qp
`O
ˆ
K2h
Dp
`DL3{2p1{8`op1q
˙
,
where, as before K, is the cardinality of the set of primes ℓ P rL, 2Ls.
Next, we use Lemma 3.12 to estimate the contribution from d ą D
as ÿ
Dădďh1{2
Nad´2,ppL, h{d
2q “
ÿ
Dădďh1{2
ˆ
L2h
d2p
` 1
˙
pop1q
ď
ˆ
L2h
Dp
` h1{2
˙
pop1q.
(5.15)
Therefore, we see that
N 7a,ppL, hq “
K2h
ζp2qp
`O
ˆˆ
L2h
Dp
`DL3{2p1{8 ` h1{2
˙
pop1q
˙
.
In particular, recalling the choice of parameters in (5.14), we obtain
(5.16) N 7a,ppL, hq “
K2h
ζp2qp
`O
`
p1{2`7ε{4`op1q
˘
.
Since K “ L1`op1q “ p1{4`ε`op1q, the main term in (5.16) is of the form
L2`op1qhp´1 “ p1{2`2ε`op1q which dominates the error term. Hence we
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can simplify the equation (5.16) as
(5.17) N 7a,ppL, hq “ p
1{2`2ε`op1q.
Now a product ℓ1ℓ2u contributing to N
7
a,ppL, hq is not square-free if
ℓ1 “ ℓ2 or ℓ1 | u or ℓ2 | u.
Since each choice ℓ1 “ ℓ2 defines u uniquely, we have at most L non
square-free solutions of this type.
Solutions with ℓj | u, j “ 1, 2 lead to a congruence of the type (3.4)
with h{L instead of h. Thus, by Lemma 3.14 there are Lpop1q such
solutions.
Since both these quantities are much smaller than N 7a,ppL, hq given
by (5.17), and ε is arbitrary, the result follows.
5.4. Proof of Theorem 1.6. Let us fix some ε ą 0 and instead
of (5.14) we now set
(5.18) D “ Qε{2, E “ Q1{6`ε, h “ Q, L “ Q1{6`ε.
We follow the same lines as in the proof of Theorem 1.4 using
Lemma 3.11 instead of Lemma 3.10. To begin, we note that for L ď
p1{5, the bound of Lemma 3.11 with k “ 5 takes the form`
L14{10p1{10 ` L19{10
˘
pop1q “ L14{10p1{10`op1q.
Hence for any prime p P rQ, 2Qs to which this bound applies, as in
the proof of Theorem 1.4, we estimate the contribution from d ď D asÿ
dďD
µpdqNad´2,ppL, h{d
2q “
K2h
ζp2qp
`O
ˆ
K2h
Dp
`DL14{10p1{10`op1q
˙
,
where, as before K “ L1`op1q, is the cardinality of the set of primes
ℓ P rL, 2Ls.
Next, using Lemma 3.12 we estimate the contribution from E ě d ą
D similarly to (5.15) asÿ
DădďE
Nad´2,ppL, h{d
2q “
ÿ
DădďE
ˆ
L2h
d2p
` 1
˙
pop1q
ď
ˆ
L2h
Dp
` E
˙
pop1q.
Finally for large divisors, precisely E ă d ď h1{2 we cover the range
of summation over d by Oplog pq dyadic intervals of the form rF, 2F s
where E ď F ď h1{2. Clearly, recalling (5.18), we verify that
F ď h1{2 ď p and L2h{F 2 ď L2h{E2 ď p.
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Hence, we can estimate the contribution from each of the intervals by
Lemma 3.13 as
Ra,ppF, L, h{F
2q ď max
 
F pL2h{F 2q1{4p´1{4, F 1{2pL2h{F 2q1{4
(
pop1q
“ max
 
F 1{2pL2hq1{4p´1{4, pL2hq1{4
(
pop1q
“ pL2hq1{4pop1q
since F ď h1{2 ď p1{2.
Therefore, we see that
N 7a,ppL, hq “
K2h
ζp2qp
`O
ˆˆ
L2h
Dp
`DL14{10p1{10 ` E `
`
L2h
˘1{4˙
pop1q
˙
.
In particular, recalling the choice of parameters in (5.18), we obtain
L2h “ Q4{3`2ε and thus
L2h
Dp
“ Q1{3`p3{2qε, DL14{10p1{10 ď Q1{3`19ε{10,
while `
L2h
˘1{4
“ Q1{3`ε{2.
In particular
(5.19) N 7a,ppL, hq “
K2h
ζp2qp
`O
`
Q1{3`19ε{10
˘
.
Since K “ L1`op1q “ p1{6`ε`op1q, the main term in (5.19) is of the form
L2`op1qhp´1 “ Q1{3`2ε`op1q which dominates the error term. Hence, we
can simplify the equation (5.19) as
(5.20) N 7a,ppL, hq “ Q
1{3`2ε`op1q.
Now a product ℓ1ℓ2u contributing to N
7
a,ppL, hq is not square-free if
ℓ1 “ ℓ2 or ℓ1 | u or ℓ2 | u.
Since each choice ℓ1 “ ℓ2 defines u uniquely, we have at most L non
square-free solutions of this type.
Solutions with ℓj | u, j “ 1, 2 lead to a congruence of the type (3.4)
with h{L instead of h. Thus, by Lemma 3.14 there are Lpop1q such
solutions.
Since both these quantities are much smaller than N 7a,ppL, hq given
by (5.20), and ε is arbitrary, the result follows.
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6. Comments
Clearly any improvement of Lemma 3.1 immediately leads to an
improvement of Theorem 1.1. In particular, it is mentioned in [21]
that under the Generalised Riemann Hypothesis (GRH) the bound
max
χPX˚p
ˇˇ
S7χptq
ˇˇ
ď t1{2pop1q,
holds for any integer t ă p. Combined with the argument used in the
proof of Theorem 1.3, it leads to the bound M˚αppq ď p
2`op1q for any
fixed α ą 0. Thus, Theorem 1.3 shows unconditionally, that this holds
for an overwhelming majority of primes p.
We recall that nontrivial upper bounds on Ta,ppU, V q are also known
for all p, albeit weaker than that of Lemma 3.9. For example, Nunes [24,
Equation (3.13)] gives the bound
Ta,ppU, V q ď min
 
U2{3V 1{4, U1{4V 2{3
(
pop1q.
which holds for any integer a with gcdpa, pq “ 1 and reals U and V with
1 ď U, V ď p3{4. This, however, is not enough to improve Theorem 1.4,
where the bottleneck comes from bounds of double Kloosterman sums
in Lemma 3.5. On the other hand, a version of the argument used in
the proof of Lemma 3.9 has been used in [20] to improve the result of
Nunes [24] on squarefree numbers in arithmetic progressions modulo q
on average over moduli q.
Supported by the results of Theorem 1.4 and 1.6, we believe in the
following
Conjecture 6.1. As pÑ8, we have
Mppq “ p1`op1q.
On the other hand, Andrew Booker has given a construction which
shows that there is an absolute constant c such that
(6.1) Mppq ě cp
log p
log log p
.
Indeed, for an integer parameter K we choose a prime p such that
kp` 4 ” 0 pmod p2k`1q, k “ 1, ..., K,
where pk denotes the kth prime. Clearly, the smallest positive square-
free s ” 4 pmod pq satisfies s ą Kp. By the Linnik theorem [17,
Theorem 18.7] we can take
p “
˜
Kź
k“2
p2k`1
¸Op1q
“ exp pOpK logKqq
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which implies (6.1).
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